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Abstract. A well known tool in conventional (von Neumann) quantum 
mechanics is the self-adjoint extension technique for symmetric operators. 
It is used, e.g., for the construction of Dirac-Hermitian Hamiltonians with 
point-interaction potentials. Here we reshape this technique to allow for the 
construction of pseudo-Hermitian (J-self-adjoint) Hamiltonians with complex 
point-interactions. We demonstrate that the resulting Hamiltonians are 
bijectively related with so called hypermaximal neutral subspaces of the defect 
Krein space of the symmetric operator. This symmetric operator is allowed to 
have arbitrary but equal deficiency indices < n, n >. General properties of the 
C operators for these Hamiltonians are derived. A detailed study of C-operator 
parametrizations and Krein type resolvent formulas is provided for J-self-adjoint 
extensions of symmetric operators with deficiency indices < 2, 2 >. The technique 
is exemplified on ID pseudo-Hermitian Schrodinger and Dirac Hamiltonians with 
complex point-interaction potentials. 



1. Introduction 

The use of non-Hermitian operators and indefinite Hilbert space structures in quantum 
mechanics dates back to the early 1940s [HIl]. The interest in this subject strongly 
increased after it has been discovered in 1998 that complex Hamiltonians possessing 
PT-symmetry (the product of parity and time reversal) can have a real spectrum 
(like self-adjoint operators) [3]. This gave rise to a consistent complex extension of 
conventional quantum mechanics (CQM) into VT quantum mechanics (PTQM), see 
e.g. the review paper [1] and the references therein. 

During the past ten years PTQM models have been analyzed with a wealth of 
technical tools (for an overview see O [6l |7l [8] ) . Most prominent ones concern Bethe 
Ansatz techniques (to prove the reality of the spectrum for the Hamiltonian with 
complex cubic potential ix^ which originated a lot of interest) [9], various global 
approaches based on the extension of differential operators into the complex coordinate 
plane [13 [m [H [I3| , SUSY approaches [H [TH [11 [TT] , PT-symmetric perturbations 
of Hermitian operators [18], Moyal-product [19l[20] and Lie-algebraic [21] techniques. 
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We would also like to mention the more recent considerations on spectral degeneracies 

m [13 mug. 

Apart from these techniques and applications, one of the most important concepts 
to place T^T-symmetry in a general mathematical context remains the concept of 
pseudo-Hermiticity [26] . A linear densely defined operator A acting in a Hilbert space 
Sj with the inner product (•, •) is called pseudo-Hermitian if its adjoint A* satisfies the 
condition 

A*r] = f]A, (1.1) 

where rj is an invertible bounded self-adjoint operator in 9j. Since a Hilbert space ^ 
endowed with an indefinite metric [/, (7],; — {rif,g) is an example of a Krein space 
with fundamental symmetry J = r]\r]\~^ (here \ri\ = ^/rf is the modulus of 77) [27ll28]. 
one can reduce the investigation of pseudo-Hermitian operators to the study of J-self- 
adjoint operators in a Krein space p9l [30l [3T1 [32l [33] . 

We recall that a linear densely defined operator A acting in a Krein space 
(i3,[-,-]j) with fundamental symmetry J (i.e., J — J* and = /) and indefinite 
metric [•,•],/ — {J-,-) is called J -self- adjoint if A* J ~ J A. Obviously, J-self-adjoint 
operators are pseudo-Hermitian ones in the sense of (jl.ip . 

In contrast to self-adjoint operators in Hilbert spaces (which necessarily have 
a purely real spectrum), self-adjoint operators in Krein spaces, in general, have a 
spectrum which is only symmetric with respect to the real axis |27l I28j . Pairwise 
complex conjugate eigenvalues, as part of the discrete spectrum, are connected with 
spontaneously broken PT— symmetry. This means that although the Hamiltonian will 
have PT— symmetry its eigenfunctions will not be PT— symmetric. The real discrete 
spectrum corresponds to the sector of so-called exact PT— symmetry where in addition 
to the Hamiltonian also its eigenfunctions are PT— symmetric. 

One of the key points in PTQM is the description of a hidden symmetry C [34] 
which is present for a given PT-symmetric Hamiltonian A in the sector of exact 
PT— symmetry. 

By analogy with [4j the definition of C-symmctry for the case of J-self-adjoint 
operators can be formalized as follows. 

Definition 1.1. A J-self-adjoint operator A has the property of C- symmetry if there 
exists a bounded linear operator C in such that: (i) — /; [ii) JC > 0; 
(Hi) AC = CA. 

The properties of C are nearly identical to those of the charge conjugation 
operator in quantum field theory and the existence of C provides an inner product 
(■) ')c = [C'l ■],/ whose associated norm is positive definite and the dynamics generated 
by A is therefore governed by a unitary time evolution. However, the operator C 
depends on the choice of A and its finding is a nontrivial problem [35l [Ml [23 [38] • 
A generalization from bounded to unbounded C operators was recently discussed in 
[39] . Another kind of generalized C operator can arise in connection with model 
classes of interacting relativistic quantum fields with indefinite metrics and satisfying 
all Morchio-Strocchi axioms, see, e.g. [41] (and references therein). 

In the present paper, we are going to study J-self-adjoint operators with C- 
symmetries within an extension theory approach. This means that the complex 
potential, typical for PTQM Hamiltonians, is induced via point-interactions which 
are described by an operator extension technique. The extension technique is a 
standard mathematical tool [ID] in CQM and is widely used to efficiently describe 
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point interactions [J^l . PTQM-related considerations based on this technique can 
be found in [301 111 SS] ■ 

The paper is structured as follows. Section 2 contains an abstract study of C- 
symmetries in a Krein space approach and has an auxiliary character. In Section 3, 
we describe all J-self-adjoint extensions of a given symmetric operator ^sym (under 
the condition AsymJ = JAgym) and, for the case of deficiency indices < 2,2 >, 
we propose a general method allowing us: (i) to describe the set of J-self-adjoint 
extensions Am{u) of Agym with C-symmetries; (ii) to construct the corresponding C- 
symmetries in a simple explicit form (family of Ce^^-symmetries); (iii) to establish a 
Krein-type resolvent formula for J-self-adjoint extensions with C-symmetries. 

Section 4 illustrates the obtained results on the examples of a Schrodinger operator 
with general zero-range potential and a one-dimensional Dirac Hamiltonian with point 
perturbation. 

Let us briefly comment on the used notations. ^{A) and Ti{A) denote the domain 
and the range of a linear operator A, respectively. A [ V means the restriction of A 
onto a set P. 

2. J-Self- Adjoint Operators with C-Symmetries 

2.1. Elements of Krein space theory. 

Here all necessary results of Krein space theory are presented in a form convenient for 
our exposition. Their proofs and detailed analysis can be found in [27l [28] . 

Let ^ be a Hilbert space with inner product (•, •) and with fundamental symmetry 
(involution) J (i.e., J = J* and J^ = /). The corresponding orthoprojectors 
P+ = 1/2(7 + J), P_ = 1/2(7 — J) determine the fundamental decomposition of 

i3=i3+©i3-, ^)-=P-^), ^)+=P+S). (2.1) 

The space ^ endowed with the indefinite inner product (indefinite metric) 

:= (Jx,y), Vx,yei3 (2.2) 

is called a Krein space (ij, [•, 

A subspace £ C is called hypermaximal neutral if £ coincides with its J- 
orthogonal complement: £ = S!^'^'^-' = {x d S) : [x,y\j = 0, Vy € £}. Hypermaximal 
neutral subspaces exist only in the case where dimi]+ = dimi3_. 

A subspace £ C i3 is called nonnegative, positive, uniformly positive if, 
respectively, [x,x]j > 0, [x,x]j > 0, [x,x]j > a'^\\x\\^, a G R for all a; S £ \ {0}. 
Nonpositive, negative, and uniformly negative subspaces arc introduced similarly. The 
subspaces Sj± in (|2.1|) are examples of uniformly positive and uniformly negative 
subspaces and they possess the property of maximality in the corresponding classes 
(i.e., (-^)-) does not belong as a subspace to any uniformly positive (negative) 
subspace) . 

Let a subspace £+ be maximal uniformly positive. Then its J-orthogonal 
complement £_ = £^1^' ' is a maximal uniformly negative subspace of Sj and the 
direct J-orthogonal sum 

i3 = £+[+]j£- (2.3) 

gives the decomposition of onto its positive £+ and negative £_ parts (the brackets 
mean the orthogonality with respect to the indefinite metric). 
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The subspaces and £_ in (|2.3p can be described as £+ = (/ + K)Sj+ and 
£_ — {I -\- Q)S)^, where K : jo+ is a contraction and Q = K* : jo_ jo+ is 

the adjoint of K. 

The self-adjoint operator T = KP^ + K* acting in is caUed an operator of 
transition from the fundamental decomposition (j2.1[) to (|2.3|) . Obviously, 

£+ = (/ + r)io+, £_ = (/ + r)jo_. (2.4) 

Furthermore, the projectors Pg^ : C± onto £± with respect to the decomposition 
(|2.3p have the form 

P<:_ = (/ - T)-i(P_ - rP+), P£^ = (/ - r)-i(P+ - TP_). (2.5) 

The collection of operators of transition admits a simple 'external' description. 
Namely, a self-adjoint operator P in jo is an operator of transition if and only if 

||P|| < 1 and JT^-TJ. (2.6) 
2.2. J -Self -adjoint operators with C- symmetries. 

The next statement characterizes the structure of J-self-adjoint operators with C- 
symmetries. 

Theorem 2.1 (|30|). A J-self-adjoint operator A acting in a Krein space (i3, [•, 
has the property of C -symmetry if and only if A admits the decomposition 

A = A+[+]jA_, A+ = A\2,+ , A_=A\Z^ (2.7) 

with respect to a certain choice of the J -orthogonal decomposition i2.S\) ofSj. In that 
case 

C = P£+-P£_ -(/ + P)(/-T)-V, (2.8) 
where T is the operator of transition from the fundamental decomposition V2.1\) to 

Remark 2.1 Since P is a self-adjoint operator and ||P|| < 1, the formula (|2.8p can 
be rewritten as C = e^J, where Q In (/ + T){I - T)'^) is a bounded self-adjoint 
operator in S). Then the condition ^ I takes the form e'^J— Je^^ which implies 
QJ — —JQ. Therefore, one can rewrite (|2.8[) as 

C = e«J = e«/Ve-«/2. (2.9) 

Set (•, ■)c = [C-, -Jj. Due to (EH), (•, ■)c = {e'^l'^-.e-^l'^-). The sesquilinear form 
(•, •)c determines a new inner product in 9) that is equivalent to the initial one. Since 
C = Pz^ — Pc_ (by (|2.8p '). the J-orthogonal decomposition (|2.3p is transformed into 
the orthogonal sum f) = £_|_ ©c £_ with respect to the inner product (•,•)£ and the 
decomposition (|2.7p takes the form A = Aj^®cA^. 

Corollary 2.1. Let A he a J-self-adjoint operator. The following statements are 
equivalent: 

(i) A has the property of C -symmetry; 

(ii) the operators Aj^- and A^ in the decomposition A — A^(BcA- are self-adjoint 
in the Hilhert spaces £+ and £_ with the inner product (•, ■)c; 

(Hi) the operator H = e~'5/2^gQ/2 self-adjoint in Sj; 
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Proof. By (|2.8p the restriction of (•, ■)c onto the subspaces and £_ coincides 
with and — [-j-Jj, respectively. This means that the assumption of J-self- 

adjointness of A is equivalent to the property of self-adjointness of A± = A \ £,± 
with respect to {■,■)€■ Hence, (i) (ii). 

By virtue of (ii), A is self-adjoint in with respect to the inner product (•, •)c• 
Therefore, 

(e-«/2^x, e-«/2y) = [Ax, y)c = (x, Ay)c = (e-^/^x, e-^/^^y), Vx, y e ^. 

This means that the operator H = e^'^/^^e'^/^ is self-adjoint in Sj with respect to 
the initial product (•, •) if and only if A is self-adjoint with respect to (■,-)c- Thus 
(ii) <;=J> (Hi). ■ 

Corollary 2.2. // a J -self-adjoint operator A has the property of C-symmetry then its 
spectrum cr{A) is real and the adjoint operator C* provides the property of C-symmetry 
for A*. 

Proof. The reality of a{A) follows from assertion (ii) of CoroUarv 12.11 If A has 
C-symmetry, then the adjoint C* satisfies all conditions of Definition 11.11 for A*. So, 
C* provides the property of C-symmetry for A* . ■ 

Remark 2.2 In the context of PTQM, the existence of an equivalence mapping 
(similarity transformation) e*^/^ between a pseudo-Hermitian operator A and a 
Hermitian operator H was first demonstrated by Mostafazadeh in [46] . The C operator 
was introduced in PTQM by Bender, Brody and Jones in f34j. As it is obvious 
from (|2.9p . C as a dynamically adapted (j4— dependent) involution is a similarity 
transformed version of the original involution J. 



3. Extension Theory Approach 

3.1. Preliminaries on extension theory. General case. 

Let ^sym be a closed symmetric densely defined operator in with the equal deficiency 
indices < n,n > (n G N U {oo}). Denote by = Q TZ{Asyin + H) and 
— ^ Q TZ{Asyra — il) the defect subspaces of Agym and consider the Hilbert 
space 9Jt = with the inner product 

{x,y)m^'^[{xi,yi) + {x^i,y^i)] x = Xi+x-i, y ^ yi + y-^i {x±i, y±J C ^n±i.(3.1) 

Obviously, the operator Z{xi -\-x-i) = Xi — x^i is a fundamental symmetry in the 
Hilbert space 971 and it acts as identity operator on and minus identity operator 
on 

In what follows we assume that 

where J is a fundamental symmetry in f). Then the subspaces Dl±i reduce J and the 
restriction J \ 9Jt gives rise to the fundamental symmetry in the Hilbert space 971. 
Moreover, according to the properties of Z mentioned above, J Z = ZJ and J Z is a 
fundamental symmetry in 971. Therefore, the sesquilinear form 

[x,y].]z = {JZx,y)m = 2[{Jxi,yi) - {Jx-i,y-i)] (3.3) 

defines an indefinite metric on 971. 
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According to von-Neumann formulas any closed intermediate extension A of Agym 
(i.e., ^sym C A C ^sym) Uniquely determined by the choice of a subspace M C 9Jl. 
This means that X'(A) = 'D{Asym)+M and 

^/ = Aly^{u + x)^ Asy,r.u + iZx, Vu e I?(Asym), Vx e M. (3.4) 

Taking p.2p - p.4p into account we immediately derive 

[Aifij2]j ~ [fuA2f2]j = i[xi,X2]jz, V/j - u,+x, G V{A,), X, e M, (3.5) 

for arbitrary intermediate extensions Ai and A2 of Agym which are defined by the 
subspaces Mi and M2, respectively (see e.g., [47l Lemma 9.6]). 

It follows from (j3.5p that an extension A D Agym defined by M is a J-self-adjoint 
operator if and only if 

M = AfW-'^ = {y e : [x,y]jz = 0, Vx e M}, 

i.e., if M is a hypermaximal neutral subspace of the Krein space (9JI, [•, ■\.jz)- 
The next statement is a 'folklore' result of extension theory. 

Proposition 3.1. Let AsymJ — JAsyra- Then the correspondence A M determined 
by Jg.^p is a bijection between the set of all J-self-adjoint extensions A of Agym and 
the set of all hypermaximal neutral subspaces M of (9J1, [•, ■]jz)- 

To underline the relationship A <^ M we will use the notation Am for J-self- 
adjoint extensions A of ^sym determined by p.4p . 

Theorem 3.1. Let AsymJ = JAsym and let AsymC = CAsym, where C is a bounded 
linear operator in ^ such that — J and JC > 0. Then a J-self-adjoint extension 
Am of Agym ho-s C -symmetry if and only if CM — M. 

Proof. Since ^sym commutes with J and C one gets Agyme'^ ~ e'^Asym, where 
the self-adjoint operator e'^ is defined in (|2.9p . But then AgymC* = AsymJe'^ = 
Je'^Asym = C*Asym- The relations C*Asym = ^symC* and = / imply C91± = 91± 
and hence, CM = M. 

Using the identity CA^^^ — A*yj^C which immediately follows from C*Asym — 
^symC* one concludes that CAm = AmC ^f=^ CV{Am) = V{Am)- Taking the 
relations V{Am) = V{A^yn^+M, CV{A^y,^) X'(Asym), and COJl = M into account 
one gets CAm = AmC 4=» CM = M. Theorem [5T] is proved. ■ 
Remark 3.1 The commutation relation Asyn\J — J^sym in theorem 13.11 is a 
natural condition in the present approach because the complex-potential properties 
of the J— self-adjoint operators A are induced only by the boundary-condition-related 
extension families (see below). 

3.2. The case of deficiency indices < 2, 2 >. 

In what follows we assume that the symmetric operator Agym has the deficiency indices 
< 2,2 > and there exists at least one J-self-adjoint extension Am 0/ ^sym- In that 
case dim DJl — A and each of the orthogonal subspaces of 3Jl: 

m++ = {I + Z){I + J)9Jl; = {J-Z){L- J)9Jl; 



m+- = {i + z){L - j)m] m-+ = {i -z){l + j)m 
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is one-dimensional. (Otherwise, Z — JotZ~—J and there exist no J-self-adjoint 
extensions of Agym — in contradiction to the above assumption.) 

Let {e±±} be an orthonormal basis of dJl such that 97l±± e±± >. It follows 
from the definition of 9Jl±± that 

Je++ = e++, Je_+=e_+, Je+_ = -e+_, Je — = -e — ; ,^ 
Ze_|_+ = e++, Ze |_ = — e ^, Ze^ = , Ze = — e 

This means that the fundamental decomposition of the Krcin space (9Jl, [•, ■]jz) 
has the form 

m = m-(BTl+, M- =< e+-,e-+ >, m+=<e++,e—>. (3.7) 

According to the general theory [27 \ , an arbitrary hypermaximal neutral subspace 
M of {dJt, [■,■].; z) can be uniquely determined by a unitary mapping of 9Jl_ onto 971+. 
Since dim 971+ — dim 37t_ = 2 the set of unitary mappings 9Jl_ 9JI+ is determined 
by the set of unitary matrices 

U = e^*(^ ) ' q^+r' = l. 0, 7, C G [0, 2^). (3.8) 

(We have used the standard representation U{2) = C/(l) x SU{2) for the reducible 
f/(2) group elements gS]). 

In other words, the decomposition (|3.7p and representation (|3.8p allow one to 
describe a hypermaximal neutral subspace M of (971, [•, ■]jz) as a linear span 

Af = M(C/)=<(ii,rf2> (3.9) 

of elements 



= e++ + qe'('^+-')e+_ + re*("^+«'e_+; 
d2 = e__ - re'("*-«)e+_ + qe'^'t'-'^''>e^+. 



(3.10) 



By Proposition 13.11 formula (|3.9p provides a one-to-one correspondence between 
domains I?(Aa/((7)) = 2^(^sym)+Af(C/) of J-self-adjoint extensions Am{u) oi Agym and 
unitary matrices U. 

Lemma 3.1. A J-self-adjoint extension Aj^.j^jj-^ defined by Jg.^p and iS. 9\) is self- 
adjoint if and only if q = 0. 

Proof. According to Proposition 13.11 a J-self-adjoint operator Am(u) is self- 
adjoint if and only if M{U) is also a hypermaximal neutral subspace in the Krein 
space (971, [•, ■]z). 

By p.6p the fundamental decomposition of (971, [•, -Jz) has the form 

97l = ai_j©fn,, DT_, =< e_+,e__ >, 5^1^ =< e++, e+_ >, (3.11) 

where 01_i and 01^ are, respectively, negative and positive subspaces. Taking p.lip 
into account, we derive from (|3.9p that M{U) is a hypermaximal neutral subspace of 
(971, [•, ■]z) if and only if q = 0. ■ 

Lemma 3.2. A J-self-adjoint extension ^m([/) does not have the property of C- 
symmetry if r = 0. 

Proof. If r = 0, then di = e++ + e'('^+'^)e+_ E M(C/)n9T, (on the basis of dSH])). 
In that case A]^J(^lJ^dl = idi by p.4p . Therefore Am{u) has a non-real spectrum and 
there are no C-symmetries for Am(u) (see Corollary 12. 21) . ■ 

Remark 3.2 Lemmas 13.11 13.21 and the constraint + = 1 in (13. Sp show that 
there should exist a critical angle dc € (0, 27r) in q = sm{a), r =^ cos((t) where the 
C— symmetry relation Am(u)C = CAm{u) breaks dowrO. 



^) These critical configurations will be analyzed in a separate paper. 
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3.3. Family of Cg^i^ -symmetries. 

Let i? be a fundamental symmetry in S) (i.e., E? ~ I and R = R*) such that 

A^ymR = i?Asym, and JR = -RJ. (3.12) 

The first identity in p.l2p means that the subspaces reduce R and the 
restriction i? f 9Jl is a fundamental symmetry in the Hilbert space 9Jt. The second 
identity and the definition of the elements {e-t-t} imply 

i?e++ = e_| , i?e_| = 6++, Re = e |_, Re ^ — e (3.13) 

Furthermore, the relation JR = —RJ enables one to state that the operator 

R^ = Re''^'' = e-'^^'^^^Re"^-'/^, uj e [0, 2tt). (3.14) 

is an involution (i?^ — I, Ruj — R^i) in ^ and JR^ — —R^J. It follows from (|3.6p . 
([3T31) . and ([3T4ll that 

i?cje+_|_ = e'"e+_, i?c^e+_ = e^'"e++, iJ^^e — = e~''^e_+, Ruje-+ = e^'^e (3.15) 

Let us consider the collection of operators 

i + f 

Obviously, Te,„ is self-adjoint in f), JT^^^^ = -Tg^^J, and ||re,;^|| < 1. By ((2^ 
and (|2.6p . Te^;^ is the operator of transition from ()2.1|1 to the decomposition 

^-£^"[©]j£''", = (/ + re,^)i5+, £l'" = (/ + Te,^).^_. (3.16) 

Let us introduce the notation 

ae = ^{6 + 0-^) = coshix) and (3e = ^{9 - 0''^) = smh{x), 6 = e^ 

so that — /3g — 1. Due to (|2.8p the operator Cg^ui associated with p.l6p has the 
form 

Ce,^ - {I + Tg^^){I - Te,^)-^ J ^ [agl - l3eR^]J ^ e-^'^- J. (3.17) 

In particular Ci^i^ — J, Vcj G [0, 27r). Moreover, due to (|2.9p one has Q = — X^^w 
By Theorem 12. II and (|3.17p the decomposition (|3.16p can be rewritten as 

^ = £^"©c£''", 4"-^(^ + Ce.^)i3, £!_^" = i(/-Ce,^)f). (3.18) 

(The formulas (|3.16p and (|3.18p determine the same decomposition of S}; the first 
formula emphasizes the J-orthogonality of , the second one illustrates the 
orthogonality of with respect to the inner product (•, ■)c.) 
Lemma 3.3. The following relations hold: 

Ce,uj — I; Cl,^~Ci/e,uj JCg^,ujCg2,uj = Ce2/ei,u:- (3.19) 
Furthermore, ||Ce,<^|| = 9 if 9 > 1 and \\Cg,^\\ = 1/9 if 9 < I. 

Proof. The relations l|3.19p immediately follow from p.l4p and p.l7p . By virtue 
of (|2.9p . Cg^i^J = e~^^-' with R^^ a bounded self-adjoint operator. According to p.l7p . 

{e-^'^-x,x)=ag\\xf - [3g{R^x,x)<{ag + \l3g\)\\xf, "ixef). (3.20) 

Obviously, (|3.20p turns out to be identity for any x £ ker(i?ij -|- sign {j3g)I). Therefore, 
||Ce,cu|| = ||e~^-'^"|| = agA-\[3g\ since e~^^-' is a positive self-adjoint operator. Recalling 
the definition of ag and (3g we complete the proof of the Lemma. ■ 
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3.4- The description of J -self-adjoint extensions with Cg^^- symmetries. 
Let Am{u) be a J-self-adjoint extension of A^yca defined by (|3.4p and (|3.9p . 

Lemma 3.4. A J-self-adjoint extension Am {u) has Ci^^j- symmetry if and only if q — 
(or, equivalently, ^a/([/) self-adjoint). 

Proof. A J-self-adjoint extension ^^((7) has Ci_i^-synimetry <J=^ ^M(f7)"^ = 
JAm{u)- Comparing this with the relation A^^^^^^ J — JAm{u) (since Am{u) is J-self- 
adjoint) one derives that ^4^^^^^^^ = ^a/((7)- Applying now Lemma [3TT] we complete the 
proof. ■ 

Definition 3.1. Let T denote the collection of all J-self-adjoint extensions j4jv/(;7) 
having Cg_^-symmetry for any choice of 9 and to: 

T = {AMiu) ■■ AMiu)C = CAmiu), V0 e (0, ex.) U Vc^ e [0, 2n)}. 

In analogy to Lie algebra theory [49j it appears natural to call T the extension center. 

Obviously, an operator Am{u) G T is self-adjoint (since Am{u) has Ci^^j- 
symmetry) and it has a special structure closely related to the properties of Agym- One 
of the possible ways to describe this structure deals with the concept of supersymmetry 
(SUSY). 

Let H and Q be self-adjoint operators in S). Following [50] we will say that the 
system (iJ, J, Q) possesses supersymmetry if iJ = > and JQ = —QJ. 

Proposition 3.2. Let Ajv/^j/) be a J-self-adjoint extension of Asym- The following 
statements are equivalent: 

(i) ^Af(;7) belongs to T; 

(m) Am{u)J = JAm{U) and Am{u)R = RAm{u); 
(iii) the system {A^j^j^^^y J, RAm{u)) ^'J* supersymmetry. 

Proof It follows from ((57Ti)) and (|XT7)l that Am{u) e T if and only if 
JAmi^(j'j — Am{u)J and RAm^jj^ = Am^i/^R. So, (i) -4=^ (m). The latter relation 
and JR = ~RJ mean that Q — RAm{u) is self-adjoint and JQ — —QJ. Since 
H = {RAm{u))'^ = ^\i{u) — ^ system (^|f(t/), J, LiAM{u)) has supersymmetry. 

Conversely, if (A^j^j^^jy J, RAm^^jj^) has supersymmetry, then JRA^i^jj-^ — 
—RAm(u)J oi' JAm(^(j'j — Am^u^J. Therefore, the J-self-adjoint operator Am(u) 
is also self-adjoint. In that case the self-adjointness of i?Ajv,/((7) gives: RA^i^ij^ = 
{RAm(u))* = Am(u)R- So, Am(u) commutes with J and R. Hence, (ii) <J=^ (Hi). 
■ 

The next statement gives the description of extension center elements v4a/([/) G 
in terms of entries of U (see p.Sp ). 

Proposition 3.3. Am{u) e T <^ q = and (f) <E {f , 

Proof. Let Am{u) G T. Since Agym commutes with J and R, assertion (ii) of 
Proposition can be rewritten as: JM{U) = M{U) and RM{U) = M{U). 

It follows from jSSl) and the description of M (U) that JM{U) = M (U) if 
and only if 

Jdi = e++ - ge^^'^+T) 

Jd2 = -e__ + re*('''-«)e+_ -f ge*('^-T)e_+ G M([/). 

This is possible if and only if q = (since {e±±} are orthonormal and di have the 
form (ISIB ). 



J -self-adjoint operators with C -symmetries 10 

A similar reasoning for RM{U) — M(U) with the use of (|3.13p gives 

Rdi = R{e++ + re*(^+«'e_+) = re*('^+«) (e__ + re-'('^+«)e+_) G M{U) 
Rd2 = R{e— ~ re*('^-«)e+_) = -re'^'l'-^\e++ - re*(-'^+«)e_+) G 

where = 1. Obviously the latter relations are satisfied if and only if e"*"^ = — e*"^. 
This is possible when (p = ^ ot (j) = ^ . Proposition 13.31 is proved. ■ 

Theorem 3.2. Let Am{u) be a J -self-adjoint extension of Asym and Am{u) ^*m{u) 
(i.e. Am{u) is i^ot a self-adjoint operator). Then Am{u) Cg,^^- symmetry if and 
only if 

< IqI < |cos(?!)|. (3.21) 
In that case lo — ^ and 9 is determined by the relation q — cos (j). 

Proof. Since Agym commutes with J and R it commutes with R^^ defined by p.l4[) . 
This gives AsymCe,uj = Ce,ujAsym (since Ce^u has the form (|3.17p ). Employing Theorem 
13.11 one concludes that the property of Ce.t^-symmetry for Am{u) is equivalent to the 
relation Ce,^M{U) = M{U). By ^M): Ce,^M{U) = M{U) Ce,udi G M{U) and 

Ce,ujd2 G M(U), where d, have the form ([XTU)) . 

It follows from ([SH), ((XTS)) and (jSTZ)) that 

Ce,.di = {ag + Peqe'^^+'^~'^'>)e++ 

-iPee"^ + aege*(''+'*-"')e+_ + aere*(«+'^'e_+ - Pgre'^^+^+'^^e^^. (3.22) 

Taking the definition of di and the first and the last terms in (|3.22p into 
account one concludes that Cg^^di G M{U) Cg^^di = kidi + ^2^2, where 

/ci = ae + /3ege*('>'+'^-") and k2 = - Pgre'^^^+'f'+'^l This is possible if and only if the 
following equalities are satisfied: 

(3gqre'^''+i+^^-^^ = Peqre'^~^+^+^*+^^ 

/3eg2e*(27+20-^) _^ 2aege^^^+'^^ + pge"^ (r'^e^"'' + 1) = 0. (3.23) 

A similar reasoning for Cg^ujd2 — fcidi + ^2^2 with ki — ~l3gre^'^~^^'^~^^ and 
fca = -ag - Pgqe'^-''+'''+'^^ implies 

/3eg^e*^-27+20+c^) ^ 2agqe'^-'^+'^'^ + Pge-''^ {r^ e^"*' + 1) = 0. (3.24) 

Therefore, Am{u) has Cg^i^-symmetry if and only if relations p.23p and (I3.24p hold. 

Let have Ce^i^-symmetry and Am{u) 7^ ^*m{u)- Then 0^1 (otherwise, 

Am{u) turns out to be self-adjoint). Further, g 7^ (by Lemma [37T|) . r 7^ (by Lemma 
13. 2p . and Pg ^ (since 9^1). Taking these facts into account we derive from p.23p 
and that Cg^i^^M{U) M{U) if and only if 

w = 7 and /3eg^e'(20+c^)_^2a(,ge'^'^+'*'+/3ee*"(r2e2*'^ + l)=O. (3.25) 
Since q^ + r^ = \ (by (|3.8p ) the second relation in p.25p can be rewritten as 

Pe 



(3.26) 

ag I 2 J + W 

Since 9^1, the relation p.26p implies inequality (|3.2ip . 

Conversely, let the parameters (j) and q of the unitary matrix U (see p.8p ) satisfy 
(|3.2ip . Then the corresponding J-self-adjoint extension Am(u) does not have Ci^^- 
symmetry and hence Am{u) is not a self-adjoint operator. 
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The condition (|3.2ip allows one to choose a parameter 6* (6* 7^ 1) in such a way 
that p.26p holds. Finally setting ui — j, we satisfy the relations (|3.25p . This means 
that A]^,^u■^ has Ce^^j-symmetry for such a choice of lo and 6. Theorem 13.21 is proved.B 

Theorem 3.3. A J -self- adjoint extension Am {u) o/^sym has Ce^i^ -symmetry if and 
only if the matrix U takes the form 

( -Pe cos (t)e''^ y/l + Pi sin^ 0e'« 



C/ = [/(0,u;,V,O = — 
ag 



(3.27) 



--y/l + Pi sir? 4>e~''^ -/30 cos 
where 0, ^ G [0, 27r). 

Proof. Let us consider the case 61 ^ 1 and ^ {f , ^}. Then (jXTTl) is a particular 
case of the general representation of unitary matrices p. 81) with 9 = — ^ cos (j> that 
satisfies p.2ip . This means that the J-self-adjoint operator Am(u) has Ce^^^-symmetry 
(by Theorem! 



Conversely, let U — \\ Uij \ \ be determined by (|3.8p with ^ { f , } ^^'^ ^^e 
corresponding J-self-adjoint extension Am{u) have C6i^i,(.j-symmetry. Due to p.25p 
and dS^ni), uii = ge*('^+'') = cos0e*('^+'^). But then U22 = - |a cos 0e*('^"'^) by 
([3:81) . Similarly, 



and U22 = — re'^*^ — ^'^y^ ~^ l^e ^i^^ 0e*^"* '^^ Hence, the matrix U is determined 
by (E^ZD- 

Let 6=1 and let be arbitrary. By Lemma [3.41 J-self-adioint extension Am{u) 
with Ci^i^-symmetry is self-adjoint and q = 0. In that case the representation (j3.8p of 
U coincides with (|3.27p . 

Let 9^1 and (j) G {f ^ T"}- -^^ follows from Theorem [X^ that Am(;7) has to 
be self-adjoint (otherwise, the inequality (|3.2ip must be satisfied, what is impossible 
since (j) & {f j ^})- Hence, q = (by Lemma [XT]) and the representation (|3.8p of C/ 
coincides with (j3.27p . Theorem 13.31 is proved. ■ 



3.5. Completeness of the Cg^i^- symmetry family 

As was mentioned above (see the proof of Theorem 13. 2p . an arbitrary operator Cg^^j 
from the 2-parameter set {Cg^^j} commutes with Asym- We are going to show that, in a 
certain sense, this family is complete in the set of C-symmetries commuting with Agym. 
Precisely, we show that an arbitrary J-self-adjoint extension Aj\/([/)DAsy,„ having the 
property of C-symmetry, where C commutes with Agym, possesses a Cg, (^-symmetry 
for some choice of 9 and lo. From this point of view, the family Cg^^^ allows for an 
adequate description of the set of C-symmetries commuting with Agym ■ 

Our proof below requires the existence of at least one real point A of regular type 
for the initial symmetric operator Asym, which is defined in the standard manner as: 
A £ R is a point of regular type of Agym if there exists a number k = k{X) > such that 
IK^sym — > k\\u\\, Vm £ 'D{Asym). This condition is not restrictive because it 

is satisfied for any symmetric operator Agym having at least one self-adjoint extension 
A with spectrum a{A) which is not covering the whole real line R (i.e., cr(A) 7^ IR). 
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Theorem 3.4. Let a symmetric operator ^sym with deficiency indices < 2, 2 > have at 
least one real point A of regular type and let a J -self-adjoint extension Ajv/(t/) ^ ^sym 
have the property of C-symmetry, where C commutes with ^sym- Then Ajv/^^-j also has 
the property of Ce^^j- symmetry for a certain choice of 9 and oj. 



The proof of Theorem 13.41 is based on the foUowing auxihary result. 

Lemma 3.5. Let Asym satisfy the conditions of Theorem \3.4\ and let AsymC — CAgym, 
where C is a bounded linear operator in Sj with the properties: = L and JC > 0. 
Then the restrictions of C onto 371 — 01,;-|-*Tl_i coincide with the restriction ofCg,^ for 
a certain choice of 9 and uj, i.e., C \ VJl = Cg^^^ \ dJl. 

Proof of Theorem \3.4\ Let J-self-adjoint extension A]\j(^u-^ D ^sym have the 
property of C-symmetry, where C commutes with Agym- Then CM{U) = M{U) by 
Theorem [3Tl Since M{U) C M, the last equality is equivalent to Cb^ujM{U) = M{U) 
for a certain choice of 9 and lo by Lemma 13.51 Using Theorem 13.11 again one derives 
the property of C^.^^-symmetry for A^/f^/) . ■ 

Proof of Lemma WTR It follows from the proof of Theorem 13.11 that C*3^±i = DT±i. 

C+ 



Therefore, C has the block structure C = ^ ^ ^ J (C± :— C \ OT±i) with respect 

to the decomposition 971 — D^i+01_i. 

Let us fix 91i and consider the Pauli matrices 

..-{\ I). -■), ,3^(; (3.S, 

Since Vti =< e++,e^ >, formulas p.6|) and ()3.13p imply that J — and 

R = ai with respect to the basis {e++, }. 

The conditions = L and JC > imposed on C in Lemma 13.51 together 
with p.l7p enable one to represent C as follows: C = e^^^'^J, where due to p.l4p 
RujJ = —JRcj, Ruj = Rtj and i?^ = /. Obviously, the same relation must hold for the 
2x2 matrix C+, i.e. C+ = e~^+^'^icr3 with 

R^, = i?e*"-^ = cos(wi)cti + sin(wi)cr2- (3.29) 
From the relation i?^^ = I2 it follows 

^ cosh(x+)/2 - sinh(x+)i?^i. (3.30) 

Identifying ag^ = cosh(x+), Pbi = sinh(x+) and using p.29p we get for C+ = 
g-x+Ri^i the explicit representation 



-Pg.e"^' -ag^ 

with respect to the basis {e++, e+_}. 

On the other hand, relations (|3.6p . (|3.15p . and (|3.17p mean that the operator 

Cgi,uji \ has the same matrix representation p.3ip with respect to {e++,e-| }. 

Therefore, C+^C\^,^ Cg,^^, \ 

It should be noted that parameters 0i, lui in (j3.3ip are not determined uniquely 
and that the pairs 0i, wi and l/^i, wi — tt define the same matrix C+. In what follows, 
without loss of generality we will suppose 9i>l. 

Arguing similarly one derives 
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with respect to the basis {e ^, e } of and C_ — Cgj^j^j f ^-i- 

Let us show that 0i = 62 and Wi =0^2- To prove this we fix a real point A of 
regular type of Agym and consider an operator 

A{U + Xx) = Asyn,U + Xxx, V{A) = P(^y„0+01_A (^-a =-5 7e(^y,n - A/)). 

Since the real point A is of regular type, the operator A is a self-adjoint extension 
of Asym- Furthermore, the commutativity of Asym with the family {Ce^^i} gives 
C6),i^01_A = ^-A- Therefore, ACe^^^ = Cg^^^A for any choice of uj and 9. Thus 
A — Aji/j-j/) e T. In that case Proposition 13.31 allows one to simplify the general 
description M{U) given by p.9p and (|3.10p as follows: 

M(C/) di,d2 >, di = e++ + ie'^e_+, ^2 = 6 -ie~'^e+_. (3.33) 

Turning to the original operator C we deduce from the proof of Theorem 13 . II that 
C* Asym = ^symC*. This gives C01_a = ^-a and hence, the operator A = Am(u) 
commutes with C. Employing Theorem [ST] one derives CM{U) = M{U), where M{U) 
is defined by (|3.33p . Taking the relations p.3ip and p.32p into account and arguing 
as in the proof of Theorem 13.21 we conclude that the equality CM{U) = M(U) is 
equivalent to the relations 

ae,^ag„ Pe.e''^' = Pg.e''^^ (3.34) 

The first relation in p.34p gives 9 := 9i = 62- If 6* = 1, then the second relation 
in (|3.34p vanishes. In that case Ci^^^ = Ci,^^ — J and the restriction C \ 9Tt coincides 
with J. If > 1 then Pe ^ Q and the second relation in (|3.34p gives u := lui ^ lo2- 
Hence, C IdSi = Cb,uj- Lemma [X5] is proved. ■ 

Remark 3.3 Physically, C± = exp[-x±i?a;i,2/2](J \ 0T±0 exp[x±i?a;i,2/2] in (P3T|) 
and (|3.32p are just the hyperbolically rotated (boosted) versions of the involution J |" 
The transformation matrices exp[x±i?t^j^ ^/2\ are elements of the pseudounitary 
group SU(l, 1) 50(1, 2) 9^ S'L(2,R) [51j with = ^-^^J l^^Re^^J I'i in as Lie 

algebra elements conjugate to R under the transformations of the compact subgroup 
C/(l) S0{2) 3 e"^-^^^. 



3.6. The resolvent formula. 

As was stated above, the operator Agym commutes with the family {Cg^uj}- Therefore, 
with respect to the decomposition p.lSp . Agym can be presented as the direct sum: 
^sym — ^i^ym+^syin ^hc Symmetric operators Af^^ = ^sym \ ^^±^ acting in the 
subspaces £^''^ of f). 

Obviously, the defect subspaces 9T±i(74+„J — £^''^07?.(A+,jj±i/) of coincide 

with 01±i n where Vt±i are the defect subspaces of Asym in f). Taking this fact 
and formulas (13.151) into account it is easy to verify that ?li(yl+jjj =< gf{9) > and 

^-^{A+m) =< gtM >, where 

gUO) = iI+^^R.)e-+ (3.35) 
P9 pe 

Arguing similarly for A^^^^ one derives ^i{A^y^) —< (9) > and 
OT„i(A~j^) gZi{9) >, where the defect elements 

g-{0) = {I+^—^R^)e+-, 51^(0) ^(/+i^i?^)e__ (3.36) 
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belong to i2j'^. 

The formulas dSSS]), (P?^ were obtained for 6^1. If 6* = 1, then: .g,+ (l) 
e++, gl.il) = e_+, 5~(1) = e+_, gl,(l) = e__. 



Note that the norms of g^-^iO) are equal to y/ag/{ag + 1). Indeed, the 
orthonormality of {e±±} in Tl and relations p.ip . p. lip imply ||e±±|p = 1/2. Taking 
p.lSp into account we deduce from (|3.35p 



\\9no)r = \\e++r + 



1 \ 2 

1 - \ II ||2 '^0 



fie J ae + 1 



The other elements g^^iO) are considered by analogy. 

Let us fix an arbitrary extension center element A — Am{u) G According 
to the definition of T (subsection 3.4), A is a self-adjoint extension of Agym and A is 
reduced by the decomposition (j3.18p for an arbitrary choice of 9 and lu. The collection 
of unitary matrices U corresponding to the operators (•[/■) e T is described by p.27p 

with (t) e {f , ^}. This means that, without loss of generality (multiplying e-| and 

e I- by suitable unimodular constants if it is necessarily), one can assume that the 

operator A = ^m([/) is defined by the matrix ^ ^ q 

Obviously, A is decomposed as ^ = A'^+A^ with respect to p.lSp . where A^ 
are self-adjoint extensions of the symmetric operators A^^^ acting in the spaces 
and having the deficiency index < 1, 1 > (due to (|3.35p and (|3.36p ). It is easy to see 
that for arbitrary and lu 

V{A+) = V{A+J+ < g+{e) - gt,{e) >, V{A-) ^ V{A-^^)+ < g-{e) - gZM > ■ 

Let ^M(f7) be an arbitrary J-self-adjoint extension of Agym with C^^i^-symmetry. 
Then the matrix U has the form (|3.27p (by Theorem 13. 3p and the operator Am{u) 
is reduced by the decomposition (|3.18p {for fixed 9 and oj). Therefore, Am(u) = 
^~M(u)~^^M{U)^ where ^^/([/j are intermediate extensions of A^y^^ in A direct 

calculation shows: 

I?(A± (^)) = V{AfyJ+ < gUO)+P±g^M 

where 



p+ = e*(«+''', p_=-e*(«-^) :^ ^ \ . (3.37) 

\ \ cos (j) -\- iae s\n(f>\ J 

Theorem 3.5. Let A £ T and let ^a/((7) he an arbitrary J-self-adjoint extension of 
Aayxa with Cg_Lj- symmetry (i.e., the matrix U is determined by ^3.27^ ). Then, for any 

zeC\R, 



1 1 I ae{ae + l) ( A + i . \ A-i , 

U;-z-T-z^ «,tani±H-Q(z) l^'"^' ^^"^ A^^'' 



ag{ae + l) [A + i _ \ A-i _ 

(l/f) -g^ (9), 



a,coti^+Q(z) \A-^''' " 'J A- 
where fj, — ^{4>, 9) is determined in ( |g.5'7| ) and Q{z) = 2 ^ii§j-e+_|_, {agl — /3ei?ij)e_|_+^ 
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Proof. Let z e C \ M be fixed. Considering and A^jitj^ as one-dimensional 



perturbations of tlie symmetric operator v4+ in the space and repeating the 
standard arguments (see, e.g., [HI pp. 23-28]) one derives the Krein type resolvent 
formula 

' ' ' ^'^^\9t(e)]^9t{0) (3.38) 



Here the notation = (S - z/)"^ is used and Q{z) = (^3^3+ (^), 5^(6')) is 

Krein's Q-function [43j . Similarly, the formula 

' ' ' ^^^\97{0)]^9i{e) (3.39) 



relates the resolvents of and in £^''^. Here Q'(2:) = (^^^^g~ (9), g~ {9) 

Let us slightly simplify these formulas. First of all, 

i ^ = tan ^ ^ and i — — cot - — — 

1+P+ 2 l+p- 2 

due to (0311). Further, it follows from (gSSl), and (|5T^ that 

i?„5-(0) = (/ + i^i?„)i?^e+_ = e-*"g+(0). 

Since A e T and therefore, A commutes with R^^ (see the proof of Proposition 13.2 
one concludes: 

Furthermore, employing (I3.35|) . one derives 



2 

where Q(z) - 2 (ij^e++, (a^/ - /30i?^)e++) . 

Combining (I3.38p . (|3.39p with the expressions above and taking into account that 
the formula / — ^^-iy^/ + LL^^^f gives the decomposition of an arbitrary element 
f G Sj into its £^''^-parts, one gets (after trivial calculations) the following resolvent 
formula in Sj: 

1 1 



^M(U) - z A- Z 



Pe f A + il + Cg^^ + A-i 



+ (a,-l)Ktani±H-Q(.)] l^^^^-'^' 

,9, W 9i yd). 



{ae - l)[ag coi^-^ + Q{z)]\A- z 2 ^ > J A- 

It follows from ([SH), ((3l^ . ([STf]) . ([3l^ . and ((3:35)) that 

a + Ce*,Jg+(^?) = {I + C,/e,.)gt{0) = 2a, (^e++ - i^e'-e+_^ = 2«,g+(l/0). 
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Therefore, for any / G ij, 



Similarly, (/ - C,*^^)5-(0) = 2ae5r(l/^) and 

A + il-Ce^ _ \ ( A + i _ 

A-z 2 ^'g' i^^'^' 

Substituting the obtained expressions into the above resolvent formula and taking the 
evident relation ""f" = "g(°^+^)^e = agiae + 1) into account, we complete the proof 
of Theorem [ 



Corollary 3.1. Let the spectrum of A Cz T be purely essential (i.e., (j{A) = acssiA)) 
and let Am{u) be an arbitrary J -self -adjoint extension of Asym with Cq.uj- symmetry. 
Then the essential spectrum of An.j(^ifj coincides with acssiA) and the discrete spectrum 
is determined as the solutions of the equation 



= 0, zeR\ acssiA), (3.40) 



ae tan ^ ^ ^ — Qiz) 



ag cot ^ ^ + Qiz) 



where Qiz) = 2 [^e++, iagl - pgR^ 



The proof of Corollary 13.11 immediately follows from the resolvent formula in 
Theorem 13.51 if one takes into account the following arguments: 1. A and Am{u) are 
self-adjoint in with respect to inner product (■,-)c (Subsection 2.2) and they are 
reduced by the decomposition = 0c ^-'^ (sec p. 181) ): 2. The second and the 
third parts on the right-hand side of the resolvent formula belong to £^'" and £l'", 
respectively (since gfiO) G £^'"). 



4. Examples 

4.1. Schrddinger operator with general zero-range potential. 

A one-dimensional Schrodinger operator corresponding to a general zero-range 
potential at the point a; = can be given by the expression 

- +tn < S, - > S + ti2 < 6', - > S + t2i < S,- > 6' + t22 < S', ■ > 6', (4.1) 
ax 

where 5 and 5' are, respectively, the Dirac 5-function and its derivative (with support 
at 0) and tij are complex numbers. 

The standard approach enables one to consider an operator realization At 
(T = ||t„-||) of gU in L2(M) by setting 

At = A,eg \ ViAT), ViAT) = { / e Wii«\{Q}) : A.^J G i2(M)}, (4.2) 
where the regularization of (|4.ip onto W2^(M\{0}) has the form 

^rcg = -3-T < '^ei;,- > <5 + tl2 < (^exT + t21 < (^ex , ' > 5' + t22 < S'^^,- > 5'. 
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Here — acts on VF2^(M\{0}) in the distributional sense and 

/(+o) + /(-o) ^„ r(+o) + r(-o) 

for all /£ W^|(K\{0}). 

An operator realization At of (14. 1|) is an intermediate extension (i.e., Agym C 
A^cAgyj^J of the symmetric operator 

Asym = r e M^I(M) : u{Q) = u'(0) = 0} (4.3) 

associated with (I4.ip . 

Let P be the space parity operator {Vf{x) = /(— x)) in L2(R)- The family 
of 7^-self-adjoint operator realizations At of l|4.ip is distinguished by the conditions 
tii,t22 G K, i2i = —ti2 imposed on the entries tij of T [45]. Another description of 
■p-self-adjoint extensions of Asym can be found in [44j . 

Let us consider the fundamental symmetry Rf{x) = sign(a;)/(x) in L2{M}j. 
Obviously, VR = —RV. Since the operator Asym in (14. 3p has the deficiency indices 
< 2, 2 > and commutes with J = V and _R one can define the family of Cg^i^-symmetries 
by (j3l4l) and (IXTTI) . 

Theorem 4.1. A V -self-adjoint operator realization At of /las </ie property ofC- 
symmetry, where C commutes with Agym «/ cf^rf only if there exist > 0, w, 0, ^ S [0, 2-k) 
such that the matrix T has the form 



T 2 



\/2{ae sin(?!> — I + Pg sin^ 0cos^) —f]g cos cj)e 



^ I /3e cos 0e*" -\/2(ae sin - -i/l + /J^ sin^ sin 5) 



where A = ae(cos(/) — sin0) + y/l + /3|sin 0(cos^ + sin^). /n f/iat case At has 
Ce^ui- symmetry. 

Proof. Since Asym is nonnegative, the existence of a C-symmetry for At, where 
CAsym — AsyniC is equivalent to the Ce^i^-symmetry of At for some choice of > 
and CO G [0, 27r) (see Theorem EH]) . 

The family of P-self-adjoint extensions Am{u) of Agym having the property of 
Ce^tj-symmetry is described in Theorem 13.31 Therefore, the proof of Theorem 14.11 
consists in finding direct connections between the parameters of matrices U in (|3.27p 
and the entries tij of T providing the equality At = Am(c/)- To do this we note that 
the defect subspaces Vt+i and Ul-i of Agym coincide, respectively, with the linear spans 
of functions < /12+ > and < /i2- >, where 

f e*'^*^ X > f — e''^±^ a; > 

hi±{x) = ^ ^.,^J^ x<0 /^2±(x) = | (4.4) 

andr±=±^-|-z^ (r| = ±*). 

Since Vhi± = hi± and Vh2± = — /i2±, the orthonormal basis {e±±} of the Hilbert 
space 071 = Ul-i+^i (see p.ll) ') takes the form: 

e++—ahi+, 6-1 — = ah2+, e — y = ahi-, e — =ah2-, (4.5) 

where a = 2~^/* is a normalizing constant. 
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Let a T'-self- adjoint operator At be determined by (|4.2p . It is known [35] that 
can be described as the restriction of A^y^ onto 

V{At) = {/ G Wi{R\{0}) : rro/ = Ti/ }, (4.6) 
where r„/. if ^ and r,f - f ' ^'^'^^ 



2 V -/'(+0) - /'(-o) y V /(+o) - /(-o) 

It follows from p.9p and Theorem 13.31 that has Ce^^^-symmetry if and only if 
ViAr) = X'(Am([/)) = V{Asym)+M{U), where A/(;7) is the linear span of 



di = e++ - |^cos0e»(^+-)e+_ + ^^l + Z^^sin^ 0e*W+«)e_+, 
d2 = e— - ^ ^/l + /32sin2 </.e^(^-«)e+_ - ^ cos 0e'(^— )e_+ 



The boundary values r^di and Tid2 {i — 0, 1) can easily be calculated with the 
help of (|4.5p . Substituting these values into l|4.6p instead of F,/ one derives a system 
of linear equations with respect to tij . Its solution (the matrix T in Theorem 14. ip 
gives the general form of all T such that At — Aj^jf^uy Only in this case the operator 
At has Cg^t^-symmetry. Theorem 14. II is proved. ■ 

Combining the description of T given in Proposition 13.31 with formulas (|4.5p and 
(|4.7p leads to the conclusion that a P-self-adjoint extension Aji^((7) of Agym belongs to 
T if and only if 

V{AMiu)) = { / e WiimO}) : /(+0) = c/'(+0); /(-O) = -c/'(-0) }, 

where c € RU {oo}. So, operators from T are characterized by separated boundary 
conditions and they are just the second derivative self-adjoint operators on the half- 
lines. In particular, the operator A G T which has been used in Theorem 13.51 
corresponds to the case c = 0, i.e., 

ViA) = { / e W^iR\{0}) : /(+0) = 0; /(-O) = }. 

This operator is the Friedrichs extension of Agym and the spectrum of A is purely 
absolutely continuous and it coincides with [0, oo). According to Corollary 13. li the 
discrete spectrum of an arbitrary T'-self-adjoint extension Am{u) is determined by 
p.40p . where Q{z) can be calculated in an explicit form with the use of (14. 4p and 
(|4.5p : Q{z) — k{z)ag, where 

- Jo {y'-z){y^ + ify- 



Therefore, Am([/) has a negative eigenvalue z if and only if 

= 0, (4.8) 



tan ^ ~^ ^ — k(z) 



cot - — - -f k{z) 



where fi = fJ.{0,(p) is determined by (|3.37p . The formula (|4.8p does not depend on cu 
in p.27p . This means that the discrete spectrum of Am{u) {U ~ U {9 , uj , , £_)) does 
not depend on the choice of lu. 
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4-2. One dimensional Dirac operator with point perturbation. 
Let us consider the free Dirac operator D in the space ^2(11^) ^ C^: 

d 

D = -ic—®ai + — ^(73, V{D) = W^(R)®C^, 
ax I 

where cti, txa are Pauh matrices (see p.28p ) and c > denotes the velocity of hght. 

The symmetric Dirac operator ^sym = f {u G 1^2^ (K) ® : u(0) = 0} has the 
deficiency indices < 2, 2 > [?51[52 and it commutes with the fundamental symmetry 



(73 inL2(K)®C^ Hereu(-)= ^^j^j ^ e {M.) ® . 



The defect subspaces 91^ and of Agym coincide, respectively, with the linear 
spans of the functions < /i2+ > and < ft,2- >, where 

hi±{x) = ) e^^l^l, /i2±(x) = sign(a;)/ii±(x), x G M, (4.9) 



Since Jhi± = hi± and J/i2± = — ^2±, the orthonormal basis {e±±} of the Hilbert 
space dJl = (see p.ip ) takes the form: 

6++ = aft.i+, = Q!/i2+, e |- = ahi^, e = aft.2- (4-10) 

where a is a normalizing constant providing 1 1 ej- j- 1 1 gj; = 1. 

The adjoint operator A^y^ = —i-j^ (g) cti + to (g) (73 is defined on the domain 
I?(A*yjjj) = W2^(R\{0})®C^ and an arbitrary J-self-adjoint extension Am{u} of ^sym 
is the restriction of A*^^ onto 'D{Am(u)) — 1^{Asym)+M{U), where M{U) is defined 
by (|3.9p and p.lOp with e±± determined by l|4.10p . Other descriptions of J-self-adjoint 
extensions of Agym can be found in [42l |53l [52] . 

To construct the family of Cg^^-symmetries for J-self-adjoint extensions 
one needs to find a fundamental symmetry R in L2(M) (8) such that 

JR = —RJ and Agy^R = RAgym- 

Obviously, these relations are satisfied for R — sign {x)I. In that case one can define 
the collection of Ce^i^-symmetries by (|3.17p . According to Theorem I3.3[ a family of 
J-self-adjoint extensions {Am{u)} having at least one Ce.c^-symmetry is described by 
subspaces M{U) di,c?2 >, where di are determined by (|4.7p and (|4.10p . In the 
particular case v4a,/([/) S T (i.e., A^.f^u^ commutes with any Cg^^), relation (|3.33p must 
be used instead of l|4.7p . A routine calculation gives Aj^^u^ e T if and only if 

m..., -[f. \ (0,, « c> , 

where t is determined in (|4.9p and ^ € [0, 2n). Hence, as in the case of a Schrodinger 
operator, the elements of T are characterized by separated boundary conditions. The 
operator A e T in the resolvent formula (see Theorem 13. 5p corresponds to the case 
C = f, i.e.. 



V{A) = { / e W^2i(R\ {0}) ® C2 : /2(+0) = ^(-O) = 0} 
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(cos(i + §) 7^ by the definition of t). Since 

the spectrum of A is purely absolutely continuous and it coincides with (— oo, — c^/2] U 
[cV2,oo). 

Let Ajvf ([/) be a J-self-adjoint extension of ^sym with Ce,(j-symnietry. Then Am{u) 
turns out to be self-adjoint in L2(IR) with respect to the inner product {■r)ce ^■ 
The corresponding resolvent formula is given in Theorem l3.5l the essential spectrum of 
Am{u) coincides with (— oo, — c^/2] U [c^/2, oo) and its bound states z € (— c^/2, c^/2) 
can be found as solutions of (|3.40p . 

5. Conclusions 

In the present paper von Neumann's self-adjoint extension technique for symmetric 
operators has been reshaped to provide J-self-adjoint extensions of symmetric 
operators with arbitrary but equal deficiency indices < n,n >, neNU oo. The 
crucial role is played by a bijection between the resulting family of J-self-adjoint 
operators and hypermaximal neutral subspaces of the defect Krein space. It is proven 
that the C operators of the resulting Hamiltonians leave the defect Krein spaces 
invariant. For J-self-adjoint extensions of symmetric operators with deficiency indices 
< 2, 2 > the parametrization of the C-operator family is worked out in detail and 
Krein type resolvent formulas are constructed. The technique is exemplified on ID 
pseudo-Hermitian Schrodinger and Dirac Hamiltonians with complex point-interaction 
potentials. 

Due to their specific structure, Hamiltonians obtained as J-self-adjoint extensions 
of symmetric operators provide an excellent playing ground for studies on the Krein- 
space related features of pseudo-Hermitian and T^T— symmetric operators. The 
advantages of such model Hamiltonians have their origin in the following properties. 
For sufficiently simple symmetric differential operators the models remain exactly 
solvable. They have rich parameter spaces which are bijectively related to the 
hypermaximal neutral subspaces of the defect Krein spaces of the symmetric operators. 
As differential operators the resulting pseudo-Hermitian Hamiltonians possess, in 
general, much richer spectra than simple matrix Hamiltonians, i.e. apart from discrete 
spectra they will have continuous and, possibly, residual spectra. Corresponding 
resolvent studies can be carried out in full detail with exact results. In this way these 
Hamiltonians have the capability to provide some deeper insights into the structural 
subtleties of pseudo-Hermitian and T^T— symmetric quantum theories. 
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